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ABSTRACT
Observations of synchrotron polarization at multiple frequencies in the presence of Faraday rotation can provide
a way to reconstruct the 3D magnetic field distribution. In this paper we compare the well known Faraday
Tomography (FT, Burn 1966) technique to the new approach named Synchrotron Polarization Gradients (SPG,
Lazarian & Yuen 2018b). We compare the strengths and limitations of the two techniques, and describe their
synergy. In particular, we show that in the situations when FT technique fails, e.g. due to insufficient frequency
coverage, the SPG can still trace the 3D structure of magnetic field.
Keywords: ISM: structure — ISM: turbulence—magnetohydrodynamics (MHD) — methods: numerical
1. INTRODUCTION
Magnetic field structure is very important for key astro-
physical processes in interstellar media (ISM) such as the
formation of stars (see McKee & Ostriker 2007; Mac Low
& Klessen 2004), the propagation and acceleration of cosmic
rays (see Jokipii 1966; Yan & Lazarian 2008), the regulation
of heat and mass transfer between different ISM phases (see
Draine 2009 for the list of the different ISM phases). Polar-
ized radiation arising from the presence of the magnetic field
is also important to explain the enigmatic CMB B-modes
(Zaldarriaga & Seljak 1997; Caldwell et al. 2017; Kandel et
al. 2017a).
Synchrotron polarization is widely used in study magnetic
fields structure in the sky. However, in the presence of the
Faraday rotation it is not trivial to compensate for the distor-
tion from the 2D polarization pattern within the volume emit-
ting synchrotron radiation. The tracing of the actual three-
dimensional (3D) magnetic field structure presents both a big
attraction and an outstanding challenge. Potentially, by com-
bining synchrotron data at different frequencies, one can try
to obtain the magnetic field variation along the line-of-sight.
Burn (1966) first suggested that the Faraday Tomography
(FT), i.e. multi-layer plane-of-sky magnetic field structures,
can be obtained through proper Fourier transform from the
polarized synchrotron emissions (See Brentjens & de Bruyn
2005, hereafter BB05). A number of works are coming out
based on the depolarization of the synchrotron emissions
(Robitaille et al. 2017; Dickey et al. 2018; Jelic, V. et al.
2018; Haverkorn 2018; Farnes et al. 2018).
A recently suggested alternative technique of magnetic
field tracing employs the Synchrotron Polarization Gradients
(SPGs, Lazarian & Yuen 2018b, LY18b). As discussed in
the latter paper, the foundations of the SPGs are routed in
the properties of MHD turbulence and turbulent reconnec-
kyuen2@wisc.edu
tion Goldreich & Sridhar 1995; Lazarian & Vishniac 1999.
As a result, the SPGs trace the local magnetic field through
observationally resolved eddies. The applicability of the
SPGs to the interstellar medium (ISM) arises form the fact
that ISM is turbulent Armstrong et al. (1995); Chepurnov &
Lazarian (2009, 2010); Burkhart et al. (2015). In the pres-
ence of Faraday Rotation, only a certain deepness of the syn-
chrotron emission is effectively collected into the Stokes pa-
rameters. That means the synchrotron polarization map for a
specific emitting frequency f corresponds to the plane-of-sky
magnetic field variation accumulated up to a certain depth
along the line of sight.The theory of this effect in the pres-
ence of magnetic turbulence is given in Lazarian & Pogosyan
(2016). As a result, one can try to obtain the 3D magnetic
field structure by utilizing multi-frequency synchrotron emis-
sions. LY18b pointed out that by considering the differences
of SPGs of polarized synchrotron maps obtained with multi-
frequency observations, one can reconstruct the 3D magnetic
field structure.
While the two proposals of tracing 3D magnetic field both
rely on the multi-frequency synchrotron emission in the pres-
ence of Faraday Rotation, there are significant differences be-
tween the foundations of the two methods. One may wonder:
(1) What are the limitations of the techniques? (2) How pre-
cise can the 3D B-field distributions can be traced with these
techniques? (3) Are the methods self-consistent?. This paper
is the first attempt to answer these important questions.
On one hand, the method of SPGs relies on the fact that
turbulence is ubiquitous while the FT provides the self-
consistent 3D mapping of the underlying regular magnetic
field. On the other hand, the method of FT has a much higher
requirement on the number of frequencies compared to the
SPG (e.g. Li et.al 2011b). In addition, the line-of-sight mag-
netic field strength information is not available for the FT but
possible to obtain using SPG (see LY18b).
We would therefore like to compare the two techniques in
this paper through numerical simulations. Instead of con-
fronting the techniques we search for their synergy. In what
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2follows, we briefly describe the numerical code and setup for
simulation in §2, the performance of two method in §3 & §4,
the discussion of the synergy of two method in §5 and sum-
mary in §6.
2. NUMERICAL SIMULATIONS
Simulation setup. The numerical 3D MHD simula-
tions were used already in Lazarian & Yuen (2018a) and
LY18b by setting up a 3D, uniform, isothermal turbu-
lent medium. We use a range of Alfve´nic Mach number
MA = VL/VA and sonic Mach number Ms = VL/Vs,
where VL is the injection velocity; VA and Vs are the
Alfve´n and sonic velocities respectively. The numer-
ical parameters are listed in Table 1 in sequence of
ascending values of media magnetization β = 2(MA/MS)2.
Faraday Tomography. The concept of Faraday Tomogra-
phy was first suggested by Burn (1966). The method utilizes
the fact that the Faraday rotation integral of synchrotron po-
larization along the line of sight is effectively a Fourier trans-
form of the complex polarized brightness per unit Faraday
depth F (φ) :
P (λ2) = Q+ iU =
∫ ∞
−∞
F (φ)e2iφλ
2
dφ, (1)
where λ is the observed wavelength, P (λ2) is the complex
polarized surface brightness in terms of Stoke parameters Q
and U , and φ is the Faraday depth. Performing the inverse
Fourier transform one can easily acquire F (φ):
F (φ) =
∫ ∞
−∞
P (λ2)e−2iφλ
2
dλ2 (2)
which provides the 3D Magnetic field information as a func-
tion of φ. Since λ2 only lies in the positive real space, the
inverse Fourier transform cannot be computed accurately un-
less the negative part of λ2 is provided. BB05 provided a
solution to the problem by introducing the window function
W (λ2) to reconstruct F (φ). The window function is non-
zero in the range of observed λ2 and is otherwise zero. BB05
then defined the observed polarized surface brightness as:
P˜ (λ2) = P (λ2)W (λ2), (3)
As a result, the complex polarized brightness that includes
the window F˜ (φ) can be written as
F˜ (φ) = F (φ) ∗R(φ) = K
∫ ∞
−∞
P˜ (λ2)e−2iφ(λ
2−λ20)dλ2,
(4)
where R(φ) is the rotation measure transfer function
(RMTF):
R(φ) =
∫∞
−∞W (λ
2)e−2iφ(λ
2−λ20)dλ2∫∞
−∞W (λ
2)dλ2
. (5)
The function K is
K =
(∫ ∞
−∞
W (λ2)dλ2
)−1
, (6)
and a parameter λ0 is introduced to Eq. (4) & (5) in order
to improve the the behavior of RMTF. The optimal λ20 is the
mean of λ2 sample values obtained by the telescope.
This technique introduced by BB05 is referred to as the
Rotation Measure (RM) synthesis. It shows promising in ob-
taining the 3D tomography magnetic field structure. The re-
quirement for the technique to work is to have enough syn-
chrotron polarization measurements at different frequencies.
To calculate F (φ) in numerical simulations, we consider a
column of data along the line of sight (LOS) in a 3D MHD
numerical data cube and divide this column into n segments.
Each segment contains the information from density, mag-
netic field (such as Q & U ), and rotation measurement φ. In
this setting the polarization can be calculated as
P (λ2) =
n∑
k=1
Pke
−2iφkλ2 , (7)
where Pk = Qk + iUk, representing the Pk at different φk.
The Faraday dispersion function can then be expressed as
F (φ) =
n∑
k=1
∫ ∞
−∞
Pke
−2iφkλ2e−2iφλ
2
dλ2. (8)
Although we cannot get the information of P (λ2) when
λ2 < 0, it is still useful to assume Eq. 8 holds by assuming
P (λ2 < 0) = 0 :
F (φ) ≈
n∑
k=1
Pkδ(φ− φk), (9)
which suggests that |F (φ)| can be decomposed into n delta
functions δ(φ − φk) peaked at φk. It is important to notice
that Eq. 9 and the reconstructed Faraday dispersion func-
tion F˜ (φ) are not equivalent but share many similarities.
Synthesis of Position-Position-Frequency (PPF) cubes.
We synthesize the PPF cubes following the procedures in
LY18b. We use the definition of synchrotron polarization in
Lazarian & Pogosyan (2016) thus ignoring the wavelength
dependences of synchrotron polarization arising from the
cosmic ray spectrum. This means the source term Pi(X, z)
will be wavelength-independent while the observed polariza-
tion will be wavelength-dependent due to Faraday rotation
only. Similar to LY18b, we assume the cosmic ray index
γ = 2 since Lazarian & Pogosyan (2012) showed marginal
effect of γ on the spatial variations in the Stokes parameters.
That means we can express the Stokes Q and U as:
Q(X, z) ∝ pne(H2x(z)−H2y (z))
U(X, z) ∝ pne2Hx(z)Hy(z),
(10)
where p is the polarization fraction, which is as-
sumed to be constant, and ne is the density of rel-
ativistic electrons. The definitions of the Stokes
parameters above correspond to the synchrotron in-
tensity at the source I(X, z) ∝ H2x(z) + H2y (z).
Effective measurable distance due to the Faraday screen-
ing effect. In LP16 and LY18b the effective measurable
3Model Ms MA β = 2(MAMs )
2
Ms0.2Ma0.02 0.2 0.02 0.02
Ms0.4Ma0.04 0.4 0.04 0.02
Ms0.8Ma0.08 0.8 0.08 0.02
Ms1.6Ma0.16 1.6 0.16 0.02
Ms3.2Ma0.32 3.2 0.32 0.02
Ms6.4Ma0.64 6.4 0.64 0.02
Ms0.2Ma0.07 0.2 0.07 0.22
Ms0.4Ma0.13 0.4 0.13 0.22
Ms0.8Ma0.26 0.8 0.26 0.22
Ms1.6Ma0.53 1.6 0.53 0.22
Ms0.2Ma0.2 0.2 0.2 2
Ms0.4Ma0.4 0.4 0.4 2
Ms0.8Ma0.8 0.8 0.8 2
Ms0.13Ma0.4 0.13 0.4 18
Ms0.20Ma0.66 0.20 0.66 18
Ms0.26Ma0.8 0.26 0.8 18
Ms0.04Ma0.4 0.04 0.4 200
Ms0.08Ma0.8 0.08 0.8 200
Ms0.2Ma2.0 0.2 2.0 200
Table 1. Simulations used in our current work. The magnetic crit-
icality Φ = 2piG1/2ρL/B is set to be 2 for all simulation data.
Resolution of them are all 4803.
distance Leff arising from Faraday depolarization is intro-
duced, refers to the line-of-sight distance over which the
Faraday rotation phase of the synchrotron emission source
is less than unity. Mathematically,
Leff
L
∼ 1
λ2L
1
φ
(11)
where L is the cloud thickness. Synchrotron polar-
ization from distances larger than Leff contributed
as noise in the resultant Stokes maps (see LY18b).
Block averaging for gradient calculations. Gradients of
polarization are calculated by taking the values of polar-
ization in the neighboring points and dividing them over
the distances between the points following the recipe of
Yuen & Lazarian (2017a). In this work, we focus on the
smallest scale contribution as we did in Lazarian & Yuen
(2018a). LY18b provides the criteria for the gradients to
be perpendicular to the magnetic field by investigating the
indexes of the power spectrum and correlation function
anisotropy. As we are using the same set of simulations used
in LY18b, the criteria in LY18b are automatically satisfied.
Alignment Measure (AM). To quantify how good two
vector fields are aligned, we employ the alignment measure
that is introduced in analogy with the grain alignment studies
(see Lazarian 2007):
AM = 2〈cos2 θr〉 − 1, (12)
(see Gonza´lez-Casanova & Lazarian 2017; Yuen & Lazarian
Figure 1. Comparison plot of between the actual Pk and F˜ . The
samples are randomly chosen from a column of pixels along the
line of sight in a 3D MHD simulation Ms3.2Ma0.32.
2017a) with a range of [−1, 1] measuring the relative align-
ment between the 90o-rotated gradients and magnetic fields,
where θr is the relative angle between the two vectors. A
perfect alignment gives AM = 1, whereas random orienta-
tions generate AM = 0. In what follows we use AM to
quantify the alignments of polarization gradients in respect
to magnetic field.
3. RESULTS
3.1. Faraday tomography
3.1.1. The Reconstructed Faraday dispersion function of ISM
To use the Faraday tomography method, we use the recon-
structed Faraday dispersion function F˜ (φ) instead of Fara-
day dispersion function F (φ) because (i) as explained above,
it is only possible to obtain F˜ (φ) from observational data,
(ii) both functions share similar spiky features with respect
to the Faraday rotation measure, and (iii) the corresponding
φ-values of those peaks are similar for both functions. To
demonstrate the points, Fig 1 shows F˜ (φ) from a simulation
sample and compare with F (φ). They match the properties
that Eq. 9 describes. The function F˜ (φ) still contains the
spiky feature we observed in F (φ). Moreover, the positions
of the spikes in F˜ (φ) are consistent to those in F (φ). There-
fore, we can use Eq.9 and describe the features we calculated
using the F˜ (φ).
The reconstruction of Faraday dispersion function in sim-
ulation is rather trivial since the number of segments n in
Eq.9 corresponds to the number of frequency measurements
in observations. Potentially it should be possible to obtain
the magnetic field distributions exactly provided that one has
sufficiently large n in Eq.9. However, increasing the num-
ber of measurements is very costly as the Nyquist condition
for the reconstruction of Faraday dispersion function grows
with the square root of n; that means to increase the signal-
to-noise by a factor of 2 one has to increase the number of
measurements four times.
In Fig. 1 we observed a lot of δ-like structures sparsely
4Figure 2. Illustration of the difference between simulation data and
observation
spaced across φ. We would refer the spaces between the
δ-like structures as “gaps” while the δ-like structures them-
selves are referred as ”peaks”. Fig. 2 shows a simple il-
lustration on how the number of “peaks” would affect the
detection accuracy of the Faraday tomography method. In
observations (orange shaped region) one can only obtain a
continuous distribution of the Faraday dispersion function in
the Fourier space. However in numerical simulations the re-
spective Faraday dispersion function is often composed of
a number of discrete peaks, which correspond to different
magnetic field values along the line of sight. The differences
of the shape of the Faraday dispersion function between ob-
servations and simulations bring one very important question
while applying the FT method in observation: How to deter-
mine the peaks in observation?
To answer the aforementioned question, we performed a
synthetic studies using numerical simulation and trying to
mimic the observational settings. In observations the num-
ber of frequency channels n is often limited, which makes
the peak determination difficult. We therefore test whether
the change of n would result in different peak locations in
the F (φ)−φ plot. Fig.1 shows how the change of frequency
channel resolution would alter the positions of peaks of the
Faraday dispersion function. We see that positions of peaks
are similar in both cases, showing that the resolution along
the frequency axis does not affect locating the peaks of the
Faraday dispersion function.
3.1.2. Determining the magnetic field orientation using Faraday
Tomography
The advantage of the Faraday Tomography over other
methods is the high precision in determining the plane-of-sky
component of the magnetic field as long as there are enough
frequency channels that satisfy the Nyquist criterion. With a
correct selection of frequency band in observation, one can
determine the peaks in the Faraday dispersion function with-
out difficulties. We would like to illustrate the power of Fara-
day Tomography using the numerical simulations listed in
Table 1.
Figure 3. Illustration of two types of LOS B-field and how they
affect the order of the δ function .
Table 2 shows the AM of the FT reconstructed plane-of-
sky component magnetic field compared to the true magnetic
field in numerical simulations. To get these results, we first
convert the numerical cube to a Position-Position-Frequency
(PPF) cube using the approach in §2 and then we compute
the F˜ . After that, we locate the most significant three peaks
for which the real and imaginary part represent the Stokes pa-
rameters Q & U. The three peaks we located in the φ space
are converted to the magnetic field measurements that we
compare with the real magnetic field using the AM (See §2).
When we are computing the AM we randomly select 300
columns1 We also use the φ value found from those three
peaks and compare to the the exact value of the polarization
angle available from the simulations. Finally, we compare
both angles and get the AM values for each of them. There
are subtle differences between the cases whether the mean
field or the turbulent field dominates along the line of sight
(Lazarian & Pogosyan 2016) and careful studies have to be
done these cases. To test this, we perform tests in both cases
with ordered and chaotic LOS B-fields. For the ordered B-
field case, we rotate the simulation cube such that the mean
field direction is pointing to the observer. For the chaotic
field case, we further rotate the cube so that the mean field
direction would be parallel to plane of sky. One can see that
for both cases of ordered and chaotic LOS B-field the AM is
pretty high, with an average value of ∼ 0.7 - 0.8, if we pick
the correct frequency band.
3.1.3. Possible improvement of Faraday Tomography and its
impact
1 The whole process for FT is expensive since a two-step process is
required to convert the simulation cubes to Faraday dispersion function,
namely from the position-position-position (PPP) cubes to the PPF cubes
and finally to PPφ cubes. Both processes are having the computational com-
plexity of O(N3 × Nf ) and O(N3 × Nφ), where N , Nf and Nφ are
the resolutions of simulations , number of frequency bands and number of
rotation measure channels, respectively. We assume the Nf = Nφ in this
study. Apart from that, to compute the AM, it also requires the computa-
tional complexity of O(N3 × Nφ) to trace back the local maximum. So,
checking pixels randomly provides a more efficient approach in checking
the accuracy of FT.
5LOS B-field type: Ordered Chaotic Chaotic
Frequency (Hz): 3x108-3x1011 3x108-3x1011 3x107-3x1011
Model AM AM AM
Ms0.4Ma0.04 0.92 0.24 0.70
Ms0.8Ma0.08 0.90 0.26 0.81
Ms1.6Ma0.16 0.88 0.28 0.81
Ms3.2Ma0.32 0.87 0.26 0.74
Ms6.4Ma0.64 0.86 0.23 0.60
Ms0.4Ma0.32 0.82 0.99 0.27
Ms0.8Ma0.264 0.81 0.95 0.28
Ms1.6Ma0.528 0.76 0.70 0.23
Ms0.4Ma0.4 0.83 0.95 0.87
Ms0.8,Ma0.8 0.65 0.73 0.40
Ms0.132Ma0.4 0.78 0.94 0.94
Ms0.264Ma0.8 0.63 0.55 0.73
Ms0.04,Ma0.4 0.74 0.92 0.94
Ms0.08,Ma0.8 0.75 0.72 0.64
Table 2. Accuracy of FT method for different frequency bands and
LOS B-field. The bold font is use to emphasize the values of AM
corresponding to high alignment.
It is worth mentioning that we do not apply the technique
involving a multiplicative factor of e2iφλ
2
0 in the calculation
of the F˜ as suggested in BB05. BB05 thought that this fac-
tor could influence the phase rotation of F˜ in both real and
imaginary space thus affecting the tracing power of FT. How-
ever, we have shown that FT performs well even without this
factor. Also, with the extra factor, Eq.13 will become:
F (φ) =
n∑
k=1
∫ ∞
−∞
Pke
−2iφkλ2e−2iφ(λ
2−λ20)dλ2
≈
n∑
k=1
Pke
2iφkλ
2
0δ(φ− φk)
(13)
Comparing to Eq.9, Eq.13 contains an extra term e2iφkλ
2
0 .
This term will not affect the features we explained about the
|F (φ)| at φ space since e2iφkλ20 will be canceled during the
calculation by its conjugate term. So, the peak value and the
location of the δ function will not be changed. However, if
we use the same treatment as we did on |F (φ)| to Qk & Uk,
then the extra term e2iφkλ
2
0 will not be cancelled but induce
extra Faraday rotation. In fact, there is a similar mathemati-
cal origin for the expressions from Faraday rotation e−2iφkλ
2
and the term in Eq.13 that is e2iφkλ
2
0 . As a result, the inclu-
sion of the e2iφkλ
2
0 term will introduce an additional rotation
of −φkλ20 degree for the polarization angle φk. The removal
of the e2iφkλ
2
0 term would make the polarization angle more
physically justified.
3.2. The performance of SPG in tracing 3D magnetic field
To compare the performance of the SPG tomography pro-
posed in LY18b with the FT , we divide the axis along LOS
into 20 slides, which corresponds to Leff/L as from 0.05 to
1.0 with a separation of 0.05. This allows us to trace the 2D
magnetic field structure at different depth. The frequencies
required are computed from the Eq.11.
It is important to note that the rule to choose the frequency
band is different for SPG and FT. Suppose we get two mea-
surements from P (fi) and P (fi+1) at any two neighbour-
ing frequency points fi and fi+1, with the definition that
the frequency width is defined as the difference of frequen-
cies ∆f = fi − fi+1. In the case of SPG, since the rela-
tion Leff ∼ f
2
φ from the Eq.11 holds for all frequencies,
the effective line of sight thickness δLeff is also related to
the frequency width following Eq.11 that δLeff ∼ δf20 =
f2i −f2i+1. If one wants δLeff to be fixed, then the differences
of frequency bands follows quadratically with the above re-
lation. In the case of FT, since we are performing Fourier
transform with the term e2iφλ
2
in λ2 space, the selection of
frequency bands would then depend on the fact that the dif-
ferences of wavelengths have to be constant λ22 − λ21 = δλ20.
The dependencies of frequency bands as a result is inversely
quadratically. We would discuss more in §4.3 .
After a correct selection of frequency bands, which cor-
responds to a set of effective line of sight thicknesses, we
can then get the synchrotron polarization derivative map
from calculating the difference of polarized intensity Φ¯ =√
∆Q2 + ∆U2 by:
∆Q = Q(fi+1)−Q(fi),
∆U = U(fi+1)− U(fi), (14)
where fi+1 and fi are two neighboring frequencies. The
two maps contain the information of cumulative magnetic
morphology in the corresponding depth and computing the
differences of gradient orientation would determine the 3D
magnetic morphology between the two line of sight depths
δLeff = Leff (fi+1) − Leff (fi). We use the block aver-
aging technique (see YL17) to obtain the statistical measure-
ment of gradient orientation within a sampling region. In our
calculations we choose the block size to be 30 × 30 pixels.
Table 3 shows the AM from different numerical cubes fol-
lowing our treatment.
A clear trend seen from the table is that SPG traces the
magnetic morphology with higher accuracy compared to that
for the chaotic LOS field. This follows from the differences
in the localization of Leff for the case of regular and chaotic
field (Lazarian & Pogosyan 2016). For the ordered LOS
magnetic field case we get the AM around 0.2 to 0.3 which
agrees well with the results in LY18b. All gradient tech-
niques share the same foundation of anisotropic MHD tur-
bulence, i.e. the turbulent eddies are elongated along local
magnetic field directions which were described in Goldre-
ich & Sridhar (1995) and Lazarian & Vishniac (1999). The
property of anisotropy will affect the structure of other ob-
servables, e.g. integrated intensities, velocity centroids, ve-
locity channels and also synchrotron intensities. The perfor-
mance of gradient techniques are highly related to whether
the environment is dominated by turbulence or not, and how
anisotropic the system it is. In our case of ordered B-field,
the mean magnetic field direction is pointing along the LOS.
Since the turbulent eddies are all aligned to the local field
6LOS B-field type: Ordered Chaotic
Model AM AM
Ms0.4Ma0.04 0.21 0.50
Ms0.8Ma0.08 0.25 0.63
Ms1.6Ma0.16 0.39 0.70
Ms3.2Ma0.32 0.23 0.68
Ms6.4Ma0.64 0.25 0.50
Ms0.4Ma0.32 0.17 /
Ms0.8Ma0.264 0.19 0.48
Ms1.6Ma0.528 0.26 0.50
Ms0.4Ma0.4 / /
Ms0.8Ma0.8 / /
Ms0.132Ma0.4 / /
Ms0.264Ma0.8 / /
Ms0.04Ma0.4 / /
Ms0.08Ma0.8 / /
Table 3. Accuracy of SPG method in difference LOS B-field,The
columns without AM values correspond to the case that the required
frequency to calculate the SPG is less then 107Mhz.
and most of our numerical cubes are having strong magneti-
zation, when observing along the mean field only a weak or
even no anisotropy can be detected. This also explains why
the model with lower MA traces magnetic field better.
4. WHAT TECHNIQUES SHOULD WE SELECT?
4.1. LOS information along the φ axis
In order to know the information of magnetic field from
different depths of F˜ (φ), we should first study the relation
between the δ functions at φ and LOS axes. On the scale of
the resolution, one can see that the correct identification of
the position of δ function is closely related to how ordered
is the LOS B-field. Depending on the strength of the mean
and fluctuating magnetic field, we can classify the magnetic
field conditions into two cases. If the LOS B-field is highly
ordered, e.g. when the B-field direction is pointing either
towards or away from the LOS observer, each φk is unique
and we can relate the order in the location of the δ function
in the reconstructed distribution and the order in the location
of emitters in the source. If the LOS B-field is chaotic, i.e.
is pointing both towards and away from observer, this rela-
tion fails. Figure 3 illustrates both cases. In a magnetized
environment, the LOS magnetic field structure is usually de-
termined by the orientation of the mean field in respect to the
observer. For the SPGs problems arise when the mean field
is directed exactly either towards or away form the observer.
o solve the problem that there is a complicated dependence
of φ to LOS, a physical model of local interstellar medium
should be built up to relate the two physical quantities (Jelic,
V. et al. 2015; Van Eck et al. 2017). However, it requires
other measurements for building it up.
4.2. Synergy of SPGs & FT
The SPGs is a very new technique and therefore the corre-
sponding procedures of restoring the 3D structure do require
refinement and improvements. We expect that the AM in
Table 3 will improve as the technique is getting mature. Nev-
ertheless, even at this point we can clearly see the synergy of
the SPGs and the FT.
As we showed in section 3.1.1, the LOS B-field structure is
critical for determining the positions of synchrotron emission
sources in the ˜F (φ). Since the LOS B-field is turbulent in the
ISM, tracing 3D B-field structure with FT is difficult in many
cases, especially if the mean field is close to perpendicular to
the line of sight. This is exactly the case, however, when the
SPGs can be most useful. As we discussed above the SPGs
have difficulty with tracing magnetic field structure when the
mean field is nearly parallel to the line of sight. At the same
time, SPG performs the best way when the mean magnetic
field is perpendicular to the line of sight.
The traditional polarization method that used widely in
the astronomical community provides one polarization an-
gle vector per pixel. It is usually being interpreted to be the
2D B-field direction at that pixel. However , this polarization
direction that we measured is actually a sum of the Stokes
parameters of that column and the direction of polarization is
affected by the Faraday rotation (see Eq.7). While the Fara-
day rotation effect can be minimized by observing the polar-
ization at high frequencies, even in this case the angle that we
measure is a mean angle of synchrotron emission from multi-
ple synchrotron sources along the LOS. If the LOS emission
is dominated by one bright emission source, the measured
polarization angle is close to the polarization angle at the
source. In an extreme case where we have multiple sources
with comparable brightness, the measured polarization angle
may be misleading. As a simple example let us consider two
synchrotron polarization sources of similar brightness having
0 and pi4 polarization angle, which is illustrated by Fig 4. The
angle measured in this case is ∼ pi8 and this fails to repre-
sent the underlying magnetic field information for either of
the source. The situation of having multiple bright sources
along the line of sight is very common. Unfortunately, it is
impossible to tell how many sources are there along the line
of sight with their respective weight by simply increasing the
observing frequency.
On the contrary, the FT method (Burn 1966, BB05) has
ability to detect the number of the emission sources along
the LOS. The amplitude of δ(φ) functions at the Faraday dis-
persion function representing the brightness of each source.
By counting the number of peaks of the Faraday dispersion
function, not only we know the numbers of intensive sources
along the LOS, also the 2D magnetic field structure within
the source.
The mathematical nature of the FT method provides the
ability to depolarize emission along the LOS. We can even
know the intensity distribution along LOS from this method.
It also gives a high AM to trace the magnetic field orienta-
tion whichever direction the mean field points to. However,
the result from FT was limited in the scale of pixel that ex-
plained in Section 3.1.1. We lose the positional information
during the process from λ2 to φ space. We cannot get any
information about the magnetic field morphology of differ-
ent depth even in the local scale. Nevertheless, we cannot
construct the 3D field information due to the lack of the LOS
7Figure 4. Illustration of how multi emission source with similar in-
tensity change the result of the emission angle measurement .
B-field information. In this sense, the FT method acts like a
probe that allows one to obtain precise 2D field information
for each source but fails to provide any of the positional nor
line-of-sight B-field information.
On the other hand, SPG depicts the magnetic field structure
quite well. It can map the 2D magnetic morphology in differ-
ent depths and even the 3D structure shown in LY18b. Un-
like FT which is applied to all the environment, this method
comes with requirements of the environment. In principle the
method of SPG requires the system to have anisotropic turbu-
lence satisfying the spectral conditions suggested by LY18b,
namely the spectral slope has to be steeper than −1 and the
local anisotropy has to be along local magnetic field direc-
tion. In fact, the electron spectrum studies from Armstrong
et al. (1995) and later extended by Chepurnov & Lazarian
(2010) showed that turbulence spectrum is −5/3 for 15 or-
ders of magnitudes, including the scale where synchrotron
emissions are significant. Moreover, the anisotropy of the
statistical measures available through observations is a well
established fact proven with both synthetic observations and
actual observational data (see Lazarian et al. 2002; Esquivel
& Lazarian 2005; Heyer et al. 2008; Yuen et al. 2018).2
As a result, even though both techniques advertised them-
selves that they can provide magnetic field information to-
mographically, their products are different and it is difficult
to have direct comparisons between them. For instance, one
can identify the bright sources using FT while constructing
the 3D field morphology using SPG. The information ac-
quired by both methods are complementary but a side-by-
side comparison requires further conversion between the two
methods.
4.3. Frequency sampling between the SPG and FT
2 The anisotropy of MHD turbulence has been has been known for a while
(see Higdon 1984). It is also a part of Goldreich & Sridhar (1995) picture.
It is essential for the SPGs, however, that the anisotropy is present not in
terms of mean magnetic field, but in terms of local magnetic field, i.e. the
magnetic field at the location of turbulent eddies. This concept is not a part
of the original Goldreich & Sridhar (1995) model, but it was introduced in
later publications. It follows from turbulent reconnection theory (Lazarian &
Vishniac 1999) and is supported by numerical simulations Cho & Vishniac
(2000); Maron & Goldreich (2001); Cho et al. (2002).
SPG FT
2D/3D Structure Yes No
Order Info Yes Generally No
object obtained local feature Intensity at φ
Distribution of Intensity No Yes
Data Pt. Requirement Less More
Accuracy Relatively Low Depend to Freq. Den.
Table 4. Table to summarize the difference between SPG and FT
method
As we discussed in §3.2, there is a crucial difference in
choosing the width of the frequency band for the two tech-
niques. The dependencies of the frequency width in FT is
related to δλ2 and SPG to δ 1λ2 . Not only that, they also have
different meanings when changing the frequency width. For
FT, BB05 brings out the following relation between φ and
δλ2, as
||φmax|| ≈
√
3
δλ2
. (15)
The δλ2 term controls the maximum φ that is not affected
by the mpi ambiguities problem. To maximize the usable
range of φ, the robust way is to narrow the frequency width.
Sometimes it is necessary for observer to narrow the width
if the synchrotron emission along LOS is lining on a large
|φ|. Therefore, the FT requires more data points to keep its
accuracy.
For the SPG technique, we can get the relation from Eq.
11 and bring out the result
δLeff ∝ δ 1
λ2
. (16)
The width of the frequency band controls how thick is the
layer along LOS. Increasing the number of data points within
the frequency band can get us a more detailed morphology
within the region. One of the advantages of this method is
that the result will not be affected by mpi ambiguities prob-
lem. Observers have the flexibility to choose the frequency
band width.
5. DISCUSSION
5.1. Requirements for the instruments
It has been shown in §4.2 that SPG and FT techniques are
actually complementary to each other. The SPG method re-
quires far less data points compared to FT, and it can be used
to scan though the whole region. The method can then pro-
vide a 2D magnetic field structure of the whole environment
with good accuracy (AM 0.6-0.7). Apart from tracing the
direction of magnetic field, the SPG can be used to test the
magnetization information. The corresponding technique of
obtaining a distribution of Alfvenic Mach numbers MA was
demonstrated in LY18a.
FT technique (Burn 1966, BB05, see also Dickey et al.
2018; Jelic, V. et al. 2018; Haverkorn 2018; Farnes et al.
2018) provides a high accuracy restoration of magnetic field
(AM 0.8-0.9) in ideal case. However, it requires more fre-
quency measurements to keep the high resolution. From
8BB05, It brings out the resolution of the Faraday dispersion
function as,
δφ =
2
√
3
∆λ2
. (17)
One can easily see that the resolution of the Faraday disper-
sion function is very sensitive to the frequency density by
combining Eq. 15 and Eq. 17.
δφ
φmax
=
2δλ2
∆λ2
=
2
N
. (18)
where N = ∆λ
2
δλ2 is the frequency density in a certain fre-
quency band, meaning the total number of N measurements
observed in a particular frequency band ∆λ2 with frequency
width δλ2. The resolution would then affect the accuracy of
the FT technique to probe the direction of the magnetic field.
To test how the frequency density affects the accuracy, we
perform a test for both techniques with different frequency
density in Fig.5.
There is a clear trend that the accuracy of the FT technique
would drop with respect to the frequency density in all of our
simulations. For instance, when the frequency density drops
to 250, the accuracy of FT drops to the range of 0.5−0.7. It is
worth noticing that the SPG technique can achieve the same
accuracy with only 20 frequency points. The performance of
FT becomes worse when one further decreases the frequency
density to 125 frequency points. On the other hand, SPG
shows a very stable result with only small fluctuation even in
the very low-frequency density measurement like 5 and 10
frequency points.
We have demonstrated in §3.2 that SPG is flexible when
applying to data with different frequency resolution and plau-
sible in constructing 3D magnetic field morphology with
high precision. To better resolve the Faraday depth struc-
ture, FT requires high precision instrument like The Low-
Frequency Array(LOFAR). In view of this, it is more favor-
able to use the SPG in tracing the 3D magnetic field due to
the low-frequency band and the limited frequency resolution
we have in current observation since the resolution is compa-
rable to the maximum detectable scale in FT.(Jelic, V. et al.
2015; John M. Dickey et al. 2018)
5.2. The future of FT and SPGs
As a member of VGT family, SPG also based on the same
property of anisotropic MHD turbulence. Recently VGT is
getting more mature especially in the case of extracting field
information from molecular clouds. For instance, a new tech-
nique like Moving Window Method was developed to correct
the gradient direction and improve the alignment between the
gradient direction and magnetic field direction (Lazarian &
Yuen 2018a). In addition, the extraction of magnetization us-
ing the dispersion of velocity gradients in diffuse HI media
are developed recently (Lazarian et al. 2018). Those methods
were already applyed to both diffuse interstellar media and
self-gravitating molecular clouds and provide reliable result
(Hu et al. 2019). Likewise, those techniques applied to VGT
could also migrate to SPG in the future. By obtaining the
multi-frequency synchrotron emission, SPG could construct
a 3D magnetization distribution of the interstellar media, by
analyzing the gradient distribution in different effective depth
of SPG. The accuracy of such predictions can be improved
through the Moving Window Method. In the near future,
SPGs could provide not only the high precision 3D magnetic
field morphology but more physical information along the
line of sight.
The use of FT is also combined with other recently devel-
oped technique to provide further analysis of the observation
data, e.g., combining the Rolling Hough Transform (RHT,
Clark et al. 2015) with FT (Jelic, V. et al. 2018).
In the paper, they are using RHT to characterize the prop-
erties of the straight depolarization canals from the LOFAR
observation data. As the result, they provide the relative ori-
entation analysis of the Faraday dispersion Map. Moreover,
it is worth mentioning that the similar analysis of relative ori-
entation can be obtained also by SPG with a much higher ac-
curacy and a possible 3D morphological structure based on
the data provided. We believe that the aforementioned fila-
mentary pattern/structure are the result of velocity crowding
and related to the velocity gradient. In the future, SPG it-
self could also be combining with FT in observation data to
obtain the orientation analysis.
6. SUMMARY
The present paper compares the two techniques named
Faraday Tomography and Synchrotron Polarization Gradi-
ents that are plausible to trace the 3D magnetic field using
polarized synchrotron emission. We have explored numeri-
cally the performance of these techniques and analyzed their
strengths and limitations. The FT method can provide high
accuracy in magnetic field tracing provided that a high fre-
quency coverage is available and the mean magnetic field are
not close to perpendicular to the line of sight. It is advan-
tageous that the SPGs, on the other hand, provide a better
accuracy in tracing the 3D magnetic field when the magnetic
field is nearly perpendicular to the line of sight. Moreover,
we demonstrated that the SPGs require less frequencies when
restoring the magnetic field structure. As a result, we claim
that combining the two techniques for acquiring the 3D struc-
ture of interstellar magnetic field is advantageous, especially
as the SPG technique matures and gets more accurate.
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